Topologies on Quantum Effects 



Zhihao Ma 
Department of Mathematics 
Shanghai Jiaotong University 
Shanghai, 200240, P. R. China 
mazhihao@sjtu.edu.cn, corresponding author 

Sen Zhu 
Institute of Mathematics 
Jihn University 
Changchun, 130012, P. R. China 
zhus@email.jlu.edu.cn 

Abstract 

Quantum effects play an important role in quantum measurement the- 
ory. The set of all quantum effects can be organized into an algebraical 
structure called effect algebra. In this paper, we study various topolo- 
gies on the Hilbert space effect algebra and the projection lattice effect 
algebra. 

1 Introduction 

Quantum effects play an important role in quantum measurement theory(see 
[UllllHlllllSlinilTllH])- In the Hilbert space model of quantum mechanics, effects 
for a physical system S are represented by positive operators on a complex 
Hilbert space TC that are bounded above by the identity operator /. Here the 
order for effects is defined in the natural way, that is, A < B if the expectation 
of the values of a measurement A does not exceed that of B for every state of S. 
We denote by f (H) the set of quantum effects on a Hilbert space H. The subset 
■p(H) of£{H) consisting of all orthogonal projections on H corresponds to sharp 
yes-no measurements, while a general effect may be unsharp (fuzzy). Under the 
usual partial order of self-adjoint operators on 7i, we know that V(TL) is a 
lattice, in fact, it is an orthomodular lattice, called the subspaces lattice, and is 
widely studied by mathematicians and physicists. However, £{TC) is not a lattice 
under the usual order. But we can organize the set of all quantum effects into a 
mathematical structure called effect algebra, which has recently been introduced 
for foundational studies in quantum mechanics [9l [T0lfTTl[T2l[T3l[T4l[T5lfT6l[T7] . 
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An effect algebra is an algebraic system {E, 0, 1, ®), where 0,1 E E, ^ 1 
and © is a partial binary operation on E satisfying: 

(Al) If a 6 is defined, then 6 © a is defined and b (B a = a (B b. 

(A2) If a © 6 and (a © 6) © c are defined, then 6 © c and a © (6 © c) are 
defined and a (B {b & c) ^ {a & b) (B c. 

(A3) For every a G E there exists a unique a' G E such that a © a' = 1. 

(A4) If a © 1 is defined, then a = 0. 

If a © & is defined, we write a _L 5. We define a < 6 if there exists a, c G E such 
that a(B c — b. It can be shown that {E, <,') is a partial ordered set(poset) 
with < a < I for every a G E, a" = a, and a < b implies b' < a' . Also, a _L 6 
if and only if a < 6'. An element a G E is sharp if a A a' = 0. Effect algebras 
derive from the quantum logic approach in studying foundation of quantum 
theory. In recent years, many researchers have done good work on the theory 
of effect algebras, and found its application in physics. The reader is referred 

to [iiiniiniiiiiiiiiiiTiiTiin]. 

Now we give two examples. 

Example 1. Let Hhe a complex Hilbert space and let 5(7i) denote the set 
of quantum effects on 7i, i.e., 

8{n) = {Ag B{n) : < A < /}, 

where B{T-l) denotes the set of bounded linear operators on Ti and / is the 
identity operator. For A,B G SiH), we define AJ-BifA + BG Ei'H) and in 
this case define A ® B = A + B. Roughly speaking, A® B corresponds to a 
parallel combination of the two effects. Then {£{Ti), 0, /, ©) is an effect algebra, 
called as Hilbert space effect algebra. The set of sharp elements of £{Ti.) 
are exactly the set VCH) consisting of all projection operators on H. 

Example 2. The set of orthogonal projections ViH) C £{T-C) forms an 
effect algebra. For A,B G V{n), define ALB iff A + B < / iff = 0, and in 
this case define A® B = A + B. We call VCH) as projection lattice effect 
algebra. 

We know that 5(7i) is naturally equipped with the so-called strong operator 
topology(SOT) and weak operator topology(WOT) and these two topologies 
play an important role in studying the properties of £{TC}. 

Since £{Ti.) can be organized into an effect algebra, it inherited from the 
effect algebra the poset structure, so we can also study the topologies on £{1-1) 
as a poset, such as order topology and interval topology. One natural question 
arises: what is the relation between the operator topologies and the topologies 
of poset? 

Now we list the two usual topologies studied in effect algebra structure. 
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2 Order Topology and Interval Topology on Ef- 
fect Algebras 

A partially ordered set (A, ^) is said to be a directed set, if for all a,/? e A, 
there exists 7 € A such that a 7, /? ^ 7- Let E he a poset. If (A, ^) is a 
directed set and e for all a G A, then {aa}aeA is said to be a net of E. 
If {flclctgA is a net of _E and < for all a, /? e A, a ^ /3, then we write 
tta T- Moreover, if a is the supremum of {oq : a e A}, i.e., a = \/{aa '■ ot e A}, 
then we write aa T '^^ Similarly, we may write J, and J, a. 

If {uajagA and {uajagA are two nets of E^ we write m "f < | t; to 
denote that < fa for all a € A, Uq, "f u and Wq, J, v. We write 6 < t ''^ if 
b < Ua for all a G A and t u. 

We say a net {aa}aeA of is order convergent to a G if there exist two 
nets {ua}aeA and {wajasA of E such that 

a T Mq < fla < i a. 

Denote 

— {F C E : ifjaalCFisa net and {0^} is order convergent to 
a e E, then a G F}. 

It is easy to prove that (d, E £ T and if Fi, F2, • • • , F„ G n G N, then 
[J^=lF^ e .F, if {F^l^en C .F, then H^eo -F^m ^ ^. Thus, the family T of 
subsets of i? define a topology tq on E such that JF consists of all closed sets of 
this topology. The topology tq is called the order topology on E f [l8l fT9l [20] ) . 

We can prove that the order topology tq of E is the finest (strongest) topol- 
ogy on E such that for each net {aa}aeA of E, if {aa}aeA is order convergent to 
a, then {a„}agA is convergent to a in the order topology tq . But the converse 
is not necessarily true. 

By the interval topology of an effect algebra E, we mean the topology 
which is defined by taking all closed intervals [a, b] as a sub-basis of closed sets 
of E. We denote by ti the interval topology on an effect algebra. It can be 
verified that each closed interval [a, b] of an effect algebra iJ is a closed set with 
respect to the order topology of this effect algebra, so the interval topology is 
weaker than the order topology. It is easy to prove that on an effect algebra, 
the interval topology is strictly weaker than the order topology [21] . 

3 Topologies on quantum effects 

Now, we will study different topologies on Hilbert space effect algebra. 

First, we will study the order topology. There are two partial orders defined 
on the Hilbert space effect algebra S {!-[). One is the natural partial order < of 
self-adjoint operators: for A,B£ £(7i), A < B ii and only if (Ax,x) < {Bx,x) 
for all X £ H, i.e, B — A is a positive operator. 
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The other is the effect algebra order defined on f (H) as follows: if 
A,Be£{'H),A^Bii and only if there exists an C S SiH) such that A®C is 
defined (that is, A + C < /) and A + C = B. 

It is obvious from the definitions that for Hilbert space effect algebra, the 
two partial orders coincide. 

We first present a useful lemma: 
Lemma 1 [22]. If {Aa} is a monotone increasing net of self-adjoint operators 
on a Hilbert space H and A^ < I for all a, then {Aa} is strong-operator 
convergent to a self adjoint operator^ < /, and A is the least upper bound of 
{Aa}. 

Theorem 2. On the Hilbert space effect algebra £{?{), the order topology is 
stronger than the strong operator topology. 

Proof. Arbitrarily choose a subset F of f (7i) which is closed under the strong 
operator topology. It suffices to prove that F is closed under the order topology. 
By the definition of the order topology, we need only prove that F is closed 
under the order convergence. Suppose that {Aa}aeA C F and {A^} is order 
convergent to A £ f (7i), we shall prove that A G F. 

By the definition of order convergence, there exist two nets {Ua}aeA and 
{VajaeA in S(H) such that 

A^Ua<Aa<ValA. 

Then it follows from Lemma 1 that Ua A and Va A. Hence we have 
{UaX, x) — > {Ax, x) and (V^x, x) —> {Ax, x) for all x ^Ti.. Since Ua <i Aa < Va 
for all a e A, it can be deduced that {AaX,x) {Ax,x) for all x £ H. Thus 
{{Va — Aa)x, x) ^ for all x € Ti. Note that Aa < Va for all a G A, we have 
llVVa - Aax\\ for all x e H. It follows easily that \\{Va - Aa)x\\ for 

SOT 

all X G Ti. Since Va — > A, we deduce that AaX Ax for all x £ Ti,. Note that 
F is closed under the strong operator topology, we can conclude that A £ F. 

□ 

Theorem 3. On the projection lattice effect algebra V{'H), the order topology 
is stronger than the strong operator topology. 

Proof. Since V{Ti.) is a subset of f (H), using a argument similar to that given 
in the proof of Theorem 2, we can prove that the order topology on V{'H) is 
stronger than the strong operator topology on 'P{'H). We omit the details. □ 

Theorem 4. On the Hilbert space effect algebra £{Ti), the interval topology is 
weaker than the weak operator topology. 

Proof. If suffices to prove that any closed interval [j4i,^2] C £{1^) is closed 
under weak operator topology. 

Arbitrarily choose a net {Aa}aeA C [yli,yl2] and assume that Aa ^^^^ 
A e £{H). We need only prove that A e [^1,^2]. By definition, [Ai,yl2] = 
{T e £{n) : < T ^ A2}. Since {Aa}aeA C [Ai,A2], we have {Aix,x) < 
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{AaX, x) ^ {A2X, x) for all a G A and for all x E H. It follows from Aa 
that {Aix,x) < {Ax,x) ^ {A2X,x) for all x eH. Hence A e [^1,^2]. 
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Proposition 5. On the projection lattice effect algebra T{7i), the interval 
topology is weaker than the weak operator topology. 

Proof. Since V{H) is a subset of f (H), it follows immediately from the proof of 
Theorem 4 that the interval topology on V{H) is weaker than the weak operator 
topology. □ 

Example 3. To show that order topology is strictly stronger than the strong 
operator topology, leiTi = P. Set 

eo = (l,0,0,---), 



1 1 

= (cos— , sin— ,0,0, 

n n 



1,2,3,- 



For each nonnegative integer n, denote by P„ the orthogonal projection of Ti, 
onto {A • e„ : A e C}. Denote F = {P„ : 1 < n < 00} and Fi = {P„ : < n < 

00}. Then F c Fi cV(H) (Z £{H) and it is obvious that P„ M Po(n ^ 00). 

SOT 

It follows easily that P„ — > Po("- ^ 00). Moreover, it is not difficult to verify 
that Fi is the closure of F under the strong operator topology. Hence, as a 
subset of SiH), F is not closed under the strong operator topology. However, 
P is a closed subset of SCH) under the order topology. 

In fact, if not, then, by the definition of the order topology on £{?{), F is 
not closed under order convergence. Hence, there exists a net {Pa}aeA in ^(^) 
such that {Pa}aeA is order convergent to an operator A G f (W) and A ^ F. 
Since the order topology is stronger than the strong operator topology, then 
Pa ^ A and ^ e Pi\P. Hence we have A = Pq. 

By the definition of order convergence, there are two nets {Ua}aeA and 
{Va}aeA in f (H) such that 

Po'\Uc,<Pa<Vc,l Po. 

Then we have Pq < Va and Pq < Va for all a G A. 

Denote / = (0, 1, 0, • • • ) and set M = {Aeo + nf : X, /j, £ C}, then it is trivial 



to see that M. = {Aeo - 


f ^e„ : A, ^ S C} for all n 


e N 


Moreover, for each n. 




r 2 1 • 1 1 
cos - sm - cos - 


■ 


eo 


Pn = 


sin - cos - sin - 

n n n 





/ 













and 





' 1 





" 


eo 


Po = 











/ 
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Assume that 



Qa * 



M 



M 



_i_,a e A. 



For each a € A, there exists tIq, G N such that Pa = Pn 
■fo < 14; < for all Q e A, we obtain 



Since P„ < y„ and 



1 




<Qa< 



1 
1 



and 



2 1 

cos — 



sin — cos - 



It can be inferred that 



Qa 



Sin 



1 

Ca 



2 1 



< (5a,Va e A. 



eo 



Va e A, 



where < Cc < 1. It follows from Va i Pq that 

Qai 



1 




and Ca 0. On the other hand, 



2 1 



COS 



sin — cos — 



sin — cos — 



sin 



2 1 



<Qa = 



1 
Ca 



implies that 



' sin — cos — 



— sin — cos - 



sm 



2 1 



> 0. 



A matrix computation shows that 



(sin^ — )(ca — sin^ — 



. 2 \ / 2 

> (sin — )(cos 



no 



rio 



that is, Ca > sin^ — + cos^ — = 1, a contradiction. 

Since F c P{H) C ^(W), it follows immediately that F is also a closed 

subset of V{'H) under the order topology. 

Proposition 6. On P{H), the strong operator topology coincides with the 
weak operator topology. 



Proof. Arbitrarily choose a net {Pa}a£A in V{H) and assume that Pa 



WOT 



SOT 

Po e V{H). It suffices to prove that Pa — > ^b- In fact, given an x eH, 

II (Pa - Po)x\\^ = {PaX,x) - {PaX,Pox) - {PoX,PaX) + {PoX,x) ^ 0. 



Therefore we conclude that Pc 



SOT 



Po. 



□ 
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Example 4. To show that SOT is strictly stronger than WOT, let H be 
a Hilbert space and assume that {e„}nen is an orthogonal normalized basis 
(ONB) of H. For each positive integer n, set 





-1 

2 


•• 


• 


1 

2 





ei 







•• 


• 





••• 


62 


Pn = 





•• 


• 





••• 


Sn-l 




1 

2 


•• 


• 


1 

2 


••• 


6n 







•• 


• 





••• 





It is easy to verify that {-Pn}ngN C ■P(W) C SCH) and P„ 
where 

1 ei 

Po= ••• 62 



WOT 



However, P„ei = 



— = PqCi and hence P„ Pn 



Po e £{H), 



Example 5. To show that the interval topology is strictly weaker than the 
weak operator topology, let H be a Hilbert space and assume that {e„}„gN is 
an orthogonal normalized basis (ONB) of H. For each positive integer n, set 



Pn 



sm - cos - 



sin ^ cos i 

,2 1 Q 





sm 




ei 

62 
63- 



Then {P„ : n e N} C C £{n) and P„ ^ Po e V{n), where 



Po = 



ei 

62 



Hence we have P„ o. If P„ — > under the interval topology of ^(W), 

then we can deduce that the interval topology is strictly weaker than the weak 
operator topology on both EiH) and V{H). 

In fact, if P„ ^ under the interval topology of £{H), then there exist 
a closed interval [^i,yl2] C £{Ti.) and a subsequence {nk}k&i of N such that 
^ [^1,^2] and Ai < < A2 for aU k € N. Then Ai ^ and Ai < Pq. 
Thus Ai can be represented as 



Ai 



r 




61 

62 
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and < r < 1. Since Ai < P„j , we have 



r 




< 



2 1 ■ 1 1 

COS — sm — cos — 
sin — cos — sin^ — 



It follows immediately that 

/ 2^ \ ■ 2 ^ ^ ■ 2 ^ 2 ^ 

(COS rjsm — > sm — cos — , 

Til ni n\ n\ 

that is, r < 0, a contradiction. 

Conclusion. It can be seen from Theorems 3, Propositions 5, 6 and Examples 
3, 5 that the following relations hold on projection lattice effect algebra V{'H): 

the interval topology C WOT = SOT C the order topology. 

It can be seen from Theorems 2, 4 and Examples 3, 4, 5 that the following 
inclusion relations hold on Hilbert space effect algebra £{H)'- 



the interval topology C WOT C SOT C the order topology. 
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